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Abstract. Medical image segmentation plays a critical role in both im-
age interpretation and disease diagnosis. Data-driven approaches such
as U-Net have significantly advanced the field by enabling pixel-level
classification of anatomical structures. However, the resulting segmen-
tation masks often fail to comply with spatial anatomical constraints.
Although properties such as organ connectedness and relative position
are well understood by experts, current segmentation practices lack a
systematic and explicit means to express, incorporate, or monitor this
domain knowledge. In this work, we conduct a systematic study of for-
mal specification rules across diverse medical imaging tasks with do-
main experts. Based on our analysis, we introduce Image Segmentation
Logic (Isl), a novel spatial formalism designed to bridge the gap be-
tween expert knowledge and automated analysis. This logic provides an
expressive and interpretable framework to specify critical domain knowl-
edge and spatial constraints, and to automatically monitor their sat-
isfaction with segmentation outputs. It integrates variables such as in-
tensity, predicted class labels, confidence scores, and directional relation-
ships, enabling both pixel-level and region-level specification checking. To
support practical adoption, we develop an efficient monitoring tool for
evaluating segmentation outputs against Isl specifications and formally
prove the soundness and correctness of Isl’s semantics. We demonstrate
the expressiveness and utility of Isl through two case studies on estab-
lished medical image segmentation datasets. Our results show that Isl
enables precise detection of segmentation violations and provides more
fine-grained validation than traditional metrics.

Keywords: Specification Language · Medical Image Segmentation · Mon-
itoring Techniques.

1 Introduction

Medical image segmentation plays a vital role in facilitating clinical applications
such as disease assessment and diagnosis. Data-driven algorithms, particularly
convolutional neural networks such as the U-Net [38] architecture, have signifi-
cantly advanced segmentation performance and are widely adopted as effective
tools in medical imaging [39]. At a micro level, segmentation models generate
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classification results, also known as masks, for an input image by assigning each
pixel to a class such as an organ, lesion, or background. Connected pixels in
the segmentation mask form regions, and a well-performing model is expected
to comply with spatial rules or constraints defined by biological plausibility, di-
agnostic accuracy, and model interpretability. As a simple example, for healthy
patients, each anatomical structure, such as a lung lobe or an organ, should form
a single connected component across the entire image. Additionally, specific po-
sitional or directional relationships must hold between segmented regions. For
instance, the liver lies below the right lung, and the heart is located between the
lungs. Within a region, certain properties must also hold. For example, every
boundary pixel of a tumor region should be adjacent to pixels belonging to a
specific organ class. Concrete examples of segmentation failures that violate such
anatomical and spatial constraints are shown in Fig. 1.

Developing a formal framework to specify and evaluate aforementioned region-
level and pixel-level properties and specifications offers several key benefits. First,
given the severity and safety-critical nature of data-driven algorithms used for
medical imaging segmentation, the European Union’s Artificial Intelligence (AI)
Act [13] stipulates that high-risk AI systems must ensure robustness, which may
involve backup or fail-safe measures. In line with this requirement, a formal
framework for medical image segmentation provides an interpretable mecha-
nism to verify and potentially enforce spatial and semantic consistency in model
outputs. Second, such a formal framework can serve as an evaluation tool for
quantitatively assessing segmentation models beyond standard metrics like IoU,
Dice score [11], and Jaccard index [24]. Third, the formal framework can func-
tion as a runtime monitor and post-processing tool within clinical pipelines to
timely detect violations or anomalies in the outputs of data-driven algorithms.
Fourth, for segmentation datasets with existing labels, the formal framework can
be used to verify and reassess label quality by identifying potential human errors
or inaccuracies caused by automated labeling tools.

However, despite advances in bounding-box-based specification frameworks
for image data [12,22], no existing formal logic framework offers built-in opera-
tors that support both pixel-level and region-level reasoning for medical image
segmentation, while also integrating learned model attributes (e.g., model con-
fidence, segmentation mask) and directional spatial relations. Therefore, in this
paper, we propose a spatial formalism dubbed Image Segmentation Logic (Isl)
to specify and evaluate the compliance of medical imaging segmentation algo-
rithms. The design of Isl is motivated by real-world needs in the medical domain,
informed by our study of specification requirements across diverse imaging tasks
with domain experts, and by the observation that current models lack the means
to formally encode or verify such recurring domain knowledge. Isl enables spec-
ifications over both pixel-level and region-level properties, defined in terms of
image-derived variables such as intensity, anatomical class labels from segmen-
tation, and algorithmic confidence scores, etc. The logic covers key criteria for
assessing the usability of medical image segmentation, including specifications
about the resulting segmented image, such as the connectivity of a single anatom-
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Fig. 1: The first row shows the input image; the second row shows the corre-
sponding predicted segmentation. Violations include incorrect anatomical struc-
ture (col. 1), lack of organ coherence (col. 2 and col. 3), and disconnected regions
(col. 4 and col. 5). Circled areas and arrows highlight the specific locations where
violations occur. Since these constraints are not explicitly enforced by standard
data-driven models, Isl provides a formal mechanism to monitor such violations.

ical region (e.g., the segmented cochlea must be a single connected component),
directional distance between multiple regions (e.g., the left lung is to the left of
the heart), as well as specifications about the algorithm itself, such as requiring
the model to be at least 95% certain about its output.

To facilitate practical use, we develop both qualitative (Boolean) and quan-
titative semantics for Isl, and implement an efficient monitoring tool that sup-
ports checking segmentation outputs under both semantics. We also provide
formal proofs of the logic’s soundness and correctness, and derive the computa-
tional complexity of the monitoring algorithm. We demonstrate the practicality
and comprehensiveness of Isl through two case studies using well-established
medical imaging datasets: OCTA-500 [28], which contains retinal images with
micron-level resolution, and CheXpert [23], a large-scale, annotated, multi-class
segmentation dataset of chest X-rays. The code implementation of Isl is avail-
able at https://github.com/AICPS-Lab/isl.git.

Contribution. The key contributions of this paper are summarized as follows.
First, we provide an overview of the need for spatial reasoning in medical image
segmentation and identify challenges in developing formal specification frame-
works. Second, we introduce Isl, a new specification language designed to express
and evaluate both pixel-level and region-level properties in image segmentation
outputs. The language supports capabilities including connectivity constraints,
confidence-based conditions, and relative spatial positioning. Third, we define
both qualitative and quantitative semantics for Isl, and develop a monitoring
algorithm that implements these semantics to evaluate segmentation outputs.
Fourth, we empirically evaluate the Isl monitor on two medical imaging datasets
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to demonstrate its effectiveness in detecting specification violations and support-
ing downstream analysis.

2 Segmentation Tasks and Specification Challenges

In this section, we provide background on medical image segmentation tasks,
define key data structures associated with them, including the input image and
output segmentation mask, and present a comprehensive list of relevant segmen-
tation specifications collected from related literature.

2.1 Medical Image Segmentation Tasks

The use case we consider focuses on the segmentation of anatomical regions such
as the brain, left and right lungs, and the heart. Given an input image I, the goal
of the segmentation model is to generate a corresponding segmentation mask S
that accurately identifies the targeted semantic label for each pixel.

We consider two-dimensional input images. Each image provided to the seg-
mentation model is represented as I 2 RH�W , where H and W denote the height
and width of the image, respectively. We use f� to denote a parameterized seg-
mentation model with learnable parameters �. Given an input image I, the model
outputs a segmentation mask ŷ = f�(I), where ŷ 2 SH�W . The predicted class
label for each pixel prow;col is given by classrow;col = arg max f�(I)row;col.

The segmentation model is trained using supervised learning methods, where
ground-truth annotations y 2 SH�W are provided either by domain experts or
automated labeling tools. The learning objective is to minimize a pixel-wise
loss function L(ŷ; y). Two common choices of the loss function are cross-entropy
and Dice loss [11]. To optimize the model parameters �, we adopt a gradient-
based optimization algorithm, specifically Adam [26], which iteratively update
the parameters until convergence is achieved [45].

2.2 Pixels of Segmentated Images

In our formal logic framework, each image is modeled as a structured collection
of pixels, where each pixel is augmented with information derived from both the
original input image and the corresponding segmentation mask. We refer to this
augmented image as X . Let p denote a pixel in X , and let prow;col represent the
specific pixel located at the row and column numbers. We define each pixel in
X to follow the structured format: prow;col = (row; col; I; class; prob; id).

Here, class 2 fLung; Heart; Background; : : :g denotes the predicted seman-
tic label, id 2 N represents the region identifier to which the pixel belongs, and
prob 2 [0; 1] is the associated probability score for that prediction. In this work,
we use the maximum softmax probability [16] as a proxy for model confidence in
the predicted class. Alternative approaches for estimating or interpreting pixel-
level confidence include entropy-based uncertainty [25] and Bayesian sampling
methods such as Monte Carlo dropout [35]. For grayscale images considered in
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this paper, I refers to the intensity value of each pixel. In the case of RGB
images, however, I can be replaced by a three-dimensional color vector.

In addition to local attributes, each pixel is aware of its four immediate
neighbors in the cardinal directions left (row; col�1), right (row; col+1), up
(row�1; col), and down (row+1; col). Therefore, let prow;col and p0row0;col0 , we
have (p; p0) 2 AdjB iff p0 is the immediate neighbor of p in direction B, that is:

– B 2 f"; #g: col0 = col, row0 = row�1 if B is "; row0 = row+1 if B is #
– B 2 f ;!g: row0 = row, col0 = col�1 if B is  ; col0 = col+1 if B is !

2.3 Regions of Segmentated Images

Since the image X includes predicted semantic labels for each pixel, we parti-
tion the image into distinct regions, denoted by R = f�1; �2; : : : ; �ng, where each
region �i � X consists of a connected set of pixels sharing the same predicted
class label. In practice, each region corresponds to an anatomical or pathologi-
cal structure, as defined by its semantic class. To distinguish between spatially
disjoint regions of the same class, each region is assigned a unique identifier.

We implement a region identifier assignment function to assign unique region
IDs to connected regions. Starting from an unvisited pixel, the function performs
connected component labeling to grow a region by assigning the same ID to all
connected pixels sharing the same class label. This process is repeated across
the entire image grid until all class-labeled pixels have been assigned region IDs.
As a result, multiple spatially disconnected regions with the same class label are
assigned distinct region identifiers.

For any region � , we define its extremal points as the leftmost and rightmost
columns, and the topmost and bottommost rows, that contain pixels belonging
to � . Based on this representation, we define positional relations in the four
cardinal directions, above, below, left of, and right of, to characterize spatial
relationships within the image space.

2.4 Analysis of Medical Image Segmentation Requirements

To motivate our specification language and identify the requirements of medical
image segmentation, we compile and detail specification rules across segmenta-
tion tasks involving various anatomical regions, such as the chest and brain.

In Table 1, we list a few key examples of segmentation specifications across
different anatomical regions. As shown, the specifications can be categorized into
different types. First, for single-class segmentations, properties can be enforced
within the target region itself. For example, one can define constraints on the in-
tensity distribution of pixels, such as specifying minimum or maximum allowable
intensity values. Second, specifications of the type spatial distance express that
a region with certain properties is expected to exist within a specific distance
and direction relative to a target region. These constraints define the spatial rela-
tionship between two anatomical regions within the segmentation mask, describ-
ing both directional position and proximity. Such specifications are common in
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Table 1: Example segmentation specifications for various anatomical regions.
Region Type Textual Description Ref.
Chest Spatial distance For segmented heart region, there exists a left lung to the left and a

right lung to the right within a fixed distance.
[9]

Lung Spatial distance For segmented left lung region, there exists a right lung region to the
right that does not overlap with it.

[17]

Lung Region class label For all pixels segmented as trachea, they do not belong to either left or
right lung regions.

[40]

Brain Spatial symmatry For segmented left hemisphere region, there exists a corresponding right
hemisphere to the right such that the class labels are the same.

[49]

Retinal Region class label For segmented FAZ region, all pixels within it are not labeled as vessel,
and for segmented artery region, no pixel within it is labeled as vein.

[20]

Cochlea Spatial distance For segmented cochlea region, there exists a vestibule region posterior
to it within some pixels.

[36]

Cochlea Region intensity For segmented cochlea region, at least a certain percentage of pixels
have intensity between a specified range.

[30]

Tumor Region intensity For segmented tumor region, no pixel within it has intensity within the
typical cerebrospinal fluid (CSF) range.

[34]

anatomical areas like the chest, lungs, and eyes, where the relative arrangement
of structures is clinically well-defined. The type spatial symmetry, also describ-
ing the relation between two regions, can be viewed as a special case of spatial
distance, where there exists a corresponding region at a fixed mirrored distance
along a defined axis. These observations inform the design of Isl, which lead
to a specification language that encompasses the diverse constraints observed in
medical segmentation tasks. This includes intra-region properties such as “region
intensity” and inter-region relationships such as “spatial distance” and “spatial
symmetry.” The examples also highlight the need for a unified formalism capa-
ble of expressing a broad range of clinically meaningful properties, both within
individual regions and between multiple anatomical structures.

3 Image Segmentation Logic (Isl)

Targeting the above-mentioned unique challenge, we propose a new specification
language dubbed Image Segmentation Logic (Isl) to reason about medical image
segmentation tasks. Figure 2 illustrates the overall Isl framework. In this section,
we first present the syntax and the semantics of the Isl specification language.

Building on the data structures defined for pixels and regions in the aug-
mented image X , we now formally define the spatial model over which the
Isl logic is interpreted. The image model is denoted as M = ((X ;R);V),
where V is a valuation function that maps each pixel p to a tuple of attributes:
V(p) = (I(p); class(p); prob(p); id(p); row(p); col(p)). In addition, we define
pixel objects and region objects as two types of input objects of Isl. Specifi-
cally, a pixel object is defined by its coordinate position p := (row; col) 2 X . A
region object � := (ptl; ptr; pbl; pbr) 2 R is represented by the coordinates of its
four corners: top-left, top-right, bottom-left, and bottom-right.



ISL: Monitoring Image Segmentation Logic in Medical Imaging Analysis 7

Medical Image (𝐈)

Trained U-Net Model (𝑓!)

Segmentation Mask (𝑦&)

Data-Driven Medical 
Image Segmentation

Augmented Image 
Representation

Probability Measure, etc.

idprobclass𝑰colrow

10.99heart10010

20.96lung10820

10.99heart9601

10.99heart9111

ISL Image Logic 
Monitoring

Pixel-level formula:

Region-level formula:

ISL Monitoring 
Algorithm

𝝋𝒑 	≔ (𝒄𝒍𝒂𝒔𝒔	 = 𝑳𝒆𝒇𝒕	𝑳𝒖𝒏𝒈
∧ 𝒑𝒓𝒐𝒃 ≥ 	𝟎. 𝟗)

𝚽𝐑 ≔	𝚽𝟏 → (	𝚽𝝉𝟏 ∨ 𝜱𝝉𝟐)

𝑀&, 𝜏 ⊨ Φ; 𝜌' = 1.403
𝑀(, 𝜏 ⊭ Φ; 𝜌' = −0.005

Aug. Image, Φ

Fig. 2: Overview of the Isl framework for specification monitoring in medical
image segmentation. Framework begins with images segmented into class-labeled
regions by a model. Each output is augmented with pixel-level attributes. Isl
then evaluates logic specifications encoding anatomical priors and spatial rules,
producing Boolean and robustness scores to detect structural violations.

3.1 Syntax

To support both intra-region and inter-region reasoning over medical image seg-
mentations, we define the syntax of Isl in a hierarchical manner, with separate
formulas for pixel-level and region-level specifications. Pixel-level formulas en-
able reasoning about local attributes such as intensity and class labels, while
region-level formulas support spatial reasoning across different segmented re-
gions. These two levels are connected using quantifiers and spatial operators,
which aggregate pixel-level predicates into region-level statements.

Definition 1 (Syntax of Isl). The pixel-level and region-level formulas of Isl
are defined as:

’ ::= > j � � d j :’ j ’ ^ ’ j ’ _ ’ j 
B’

� ::= 9 ’ j 8 ’ j :� j � ^ � j � _ � jIs � j .s�

In this definition, ’ denotes a pixel-level formula, and � denotes a region-level
formula. The constant > is the Boolean value True, �2 f=;�;�g, s 2 R�0, and
B 2 f"; #; ;!g; B 6= ;. The operators :;^;_ follow the standard first-order
semantics. The implication operator ’! ’ is equivalent to :’ _ ’.

Atomic predicates of a pixel-level formula ’ take the form � � d, where d is
a numeric or symbolic constant, and � is a pixel-level attribute defined as:

� ::= id j class j prob j I j row j col
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The predicate id = d specifies that pixel p is assigned the region identifier d,
while class = d indicates that p is labeled with the semantic class d 2 C. The
predicate prob � d compares the predicted confidence score of p to a threshold
d using a relational operator. The term I � d constrains the pixel’s intensity
value, while row � d and col � d impose spatial constraints on the pixel’s
vertical and horizontal coordinates, respectively. In addition, the operator 
B’
is a directional pixel-level operator that evaluates whether the formula ’ holds
at the neighboring pixel of a given pixel p in the directions specified by B.
Intuitively, 
B moves to the next pixel from the current pixel in direction B
and checks whether ’ is satisfied there.

Region-level formulas � allow reasoning over segmented regions through
quantification and directional operators. The boxed quantifiers 8 ’ and 9 ’
enable the assertion of the existence or universality of the pixel-level property ’.
Region formulas also support logical negation, conjunction, and disjunction with
:, ^, and _ operators, respectively. Directional spatial relations between regions
are expressed using a family of direction-specific operators, each annotated with
a subscript s that specifies the distance threshold. The operator Is � evaluates
whether there exists a region located strictly to the right, at a directional Man-
hattan distance of at least s, in which the spatial property � holds. Similarly,
Js, Ns, and Hs correspond to left, up, and down each directional relations, re-
spectively. Two variants of each directional operator are supported. Specifically,
Isl includes a strict version (i.e., Is), which requires the entirety of the target
region to lie in the specified direction, and a weak version (i.e., .s), which allows
partial overlap as long as some part of the region lies in the given direction.

Running Example. We illustrate how Isl can express local connectivity and di-
rectional constraints. Consider the specification: “a segmented class (e.g., left
lung) must appear as a single connected region.” This requires that the segmen-
tation does not contain multiple high-confidence, spatially disconnected com-
ponents with the same class label. We define a pixel-level formula as ’1 :=
(class = LeftLung) ^ (prob � 0:9) ^ (id = id1), asserting that a pixel belongs
to a confident left lung region id1. The region-level formula �1 := 8 ’1 ensures
all pixels in region id1 satisfy these conditions. To enforce uniqueness, we re-
quire that no other region satisfies the same predicate. For each region � 6= id1,
let ’� := (class = LeftLung) ^ (prob � 0:9) ^ (id = �) and �� := 8 ’� . The
uniqueness constraint is then �uniqueness := : (�1 ^ (_� 6=id1�� )).

As a second example, we can specify a directional constraint between two
anatomical structures as follows: �direction := :(�LeftLung)_ I20 �RightLung,
where ’LeftLung := (class = LeftLung), ’RightLung := (class = RightLung),
and �LeftLung := 8 ’LeftLung, �RightLung := 8 ’RightLung. This formula asserts
that if a region exists in which every pixel is labeled as LeftLung, then there
must also exist a region labeled as RightLung that lies strictly to its right, with
a minimum directional Manhattan distance of 20 pixels between them.
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3.2 Qualitative Semantics

In the following sections, we present the qualitative and quantitative semantics
of Isl. The qualitative semantics returns a Boolean truth value, while the quan-
titative semantics returns a real number that measures the degree of satisfaction
for a given image model. In Definition 2, we first present the Boolean, or qual-
itative, semantics of Isl. Given an image model M and either a pixel object p
or a region object � , the truth relation is defined as follows:

Definition 2 (Qualitative Semantics of Isl).

(M; �) j= 9 ’, 9p 2 � : (M; �; p) j= ’

(M; �) j= 8 ’, 8p 2 � : (M; �; p) j= ’
(M; �) j= :�, (M; �) 6j= �

(M; �) j= �1 ^ �2 , (M; �) j= �1 and (M; �) j= �2

(M; �) j= �1 _ �2 , (M; �) j= �1 or (M; �) j= �2

(M; �) j=Is �, 9� 0 2 AlignedRegions(�; s) : (M; � 0) j= �
(M; �) j= .s�, 9� 0 2 AlignedRegionsWeak(�; s) : (M; � 0) j= �
(M; �; p) j= > , True

(M; �; p) j= � � d, �bool(�;�; d; p)
(M; �; p) j= :’, (M; �; p) 6j= ’

(M; �; p) j= ’1 ^ ’2 , (M; �; p) j= ’1 and (M; �; p) j= ’2

(M; �; p) j= ’1 _ ’2 , (M; �; p) j= ’1 or (M; �; p) j= ’2

(M; �; p) j=
B ’, 9p0 : (p; p0) 2 AdjB and (M; �; p0) j= ’

In this definition, the satisfaction of atomic predicates � � d at pixel p is
determined by a Boolean evaluation function �bool, defined as follows:

�bool(�;�; d; p) =

(
[�](p) = d if � 2 fid; classg
[�](p) � d if � 2 fprob; I; row; colg

To define directional spatial relationships between regions, we introduce the
concept of aligned regions. Given a prototype region specified by four labeled
corner points (top-left, top-right, bottom-left, bottom-right), we construct a se-
quence of translated regions by shifting this prototype away from a reference
region in a specified cardinal direction by a minimum step size s.

We denote the set of aligned regions at distance s as AlignedRegions(�; s),
where each candidate region is obtained by incrementally translating the proto-
type region’s corner points in the chosen direction. The translation continues as
long as the resulting region remains within the image bounds. For each trans-
lated region, we check whether there exists a segmented component in the image
whose corner points are fully enclosed within the translated rectangle. These
enclosed components are collected as the valid aligned regions. The directional
satisfaction operator Is � then evaluates whether the region-level formula �
holds on at least one such aligned region. In addition, to support more flexible
specifications, we define a relaxed variant AlignedRegionsWeak(�; s), which in-
cludes all segmented components that intersect the translated prototype region.
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3.3 Quantitative Semantics

In Definition 3, we present the quantitative semantics of Isl, where �p denotes
the satisfaction degree for pixel-level formulas and �r denotes the satisfaction
degree for region-level formulas. Intuitively, the quantitative semantics reflect
how strongly the image components satisfy or violate a given formula.

Definition 3 (Quantitative Semantics of Isl).

�r( 9 ’; �) = maxp2� �p(’; p)

�r( 8 ’; �) = minp2� �p(’; p)
�r(:�; �) = ��r(�; �)

�r(�1 ^ �2; �) = min(�r(�1; �); �r(�2; �))
�r(�1 _ �2; �) = max(�r(�1; �); �r(�2; �))
�r(Is �; �) = max� 02AlignedRegions(�;s) �r(�; �

0)
�r(.s�; �) = max� 02AlignedRegionsWeak(�;s) �r(�; �

0)
�p(>; p) = +1

�p(� � d; p) = �quant(�;�; d; p)
�p(:’; p) = ��p(’; p)

�p(’1 ^ ’2; p) = min(�p(’1; p); �p(’2; p))
�p(’1 _ ’2; p) = max(�p(’1; p); �p(’2; p))

�p(
B ’; p) =

(
�p(’; p

0) if (p; p0) 2 AdjB and p0 2 X
�1 otherwise

In the quantitative semantics, atomic predicates are evaluated using a scoring
function �quant, which measures the degree to which a pixel satisfies the specified
condition and is defined as follows:

�quant(�;�; d; p) =

8>>><>>>:
1 if � 2 fid; classg and [�](p) = d

�1 if � 2 fid; classg and [�](p) 6= d

[�](p)� d if � is � and � 2 fprob; I; row; colg
d� [�](p) if � is � and � 2 fprob; I; row; colg

Running Example. Using the examples above, we illustrate how Isl semantics
are applied. For �1, the Boolean semantics evaluate to true if every pixel in
region id1 satisfies the class, confidence, and region identifier conditions. The
quantitative semantics compute a robustness score by measuring values such
as the margin between each pixel’s confidence and the threshold of 0.9, with
the overall region score given by the minimum margin across all pixels. For the
uniqueness constraint �uniqueness, Boolean satisfaction holds if no other region
besides id1 satisfies the same conjunction. Quantitatively, violation can be mea-
sured by the maximum robustness score among all conflicting regions � 6= id1.
For the directional constraint �direction, the semantics check whether there exists
a region satisfying �RightLung that lies at least 20 pixels to the right of a region
satisfying �LeftLung. We first construct a set of aligned regions translated in the
specified direction by the required distance. For each aligned region, we evaluate
whether it satisfies �RightLung, and if so, compute its robustness score. The final
quantitative score is the maximum robustness value among all candidate regions.
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3.4 Semantic Properties of Isl

We define two key properties of the quantitative semantics of Isl, namely sound-
ness and correctness. Intuitively, the soundness property states that the sign of
the quantitative semantics corresponds to the Boolean truth value. Specifically,
a positive quantitative measure � indicates satisfaction, while a negative value
indicates violation. The correctness property states that if two images differ by
a bounded distance, and one of them satisfies a given property, then the other
image also satisfies the same property, if the distance between them is less than
the robustness value of the satisfying image.

Theorem 1 (Soundness). We define the soundness property of Isl as follows.
Let � be an Isl region-level formula and � be a region in image modelM. Then:

(M; �) j= �) �r(�; �) > 0 and (M; �) 6j= �) �r(�; �) < 0:

Let M(1) and M(2) be two image models defined over the same spatial do-
main X : M(1) = ((X ;R);V(1)); M(2) = ((X ;R);V(2)): Let � 2 R be a re-
gion object common to both models. Define the per-pixel attribute distance as
�(V(1)(p);V(2)(p)) = maxi di

�
v

(1)
i (p); v

(2)
i (p)

�
, where vi(p) denotes the i-th at-

tribute in V(p), and di is either an absolute difference or an indicator function.
Let the model-wise distance be: d1(V(1);V(2)) := supp2X �(V(1)(p);V(2)(p)):

Theorem 2 (Correctness). We define the correctness property of Isl region-
level formulas as follows. If the following conditions hold:

(M(1); �) j= �; �r(�; � ;M(1)) > 0; d1(V(1);V(2)) < �r(�; � ;M(1))

Then, (M(2); �) j= �:

4 Monitoring Algorithm for Isl

4.1 Monitoring of Segmented Images

Algorithm 1 presents the pseudocode for the quantitative monitoring algorithm
of Isl, implemented based on the logic’s recursive quantitative semantics. A
corresponding qualitative monitoring algorithm, which returns a Boolean satis-
faction value based on the qualitative semantics, is also developed but omitted
here for brevity. Below, we describe the quantitative monitoring algorithm and
its key components. The monitoring algorithm begins by parsing the logical
formula and recursively computing the quantitative scores of its subformulas,
aggregating the results using the corresponding semantic operators. For spatial
operators, the algorithm updates the evaluation context by traversing aligned or
adjacent structures within the image.

In Algorithm 1, the EvalPixelAtoms function evaluates pixel-level atomic
predicates at a given pixel location by querying the valuation function accord-
ing to the predicate type specified in the formula. The NeighborByDirection
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Algorithm 1 Isl Quantitative Scoring Function
Require: �: Isl formula, object: pixel or region, image: augmented image
1: function Score(�, object, image)
2: if � is PixelAtomic then
3: return EvalPixelAtoms(�, object, image)
4: else if � is Next then
5: p object
6: p0  NeighborByDirection(p, �.direction)
7: return Score(�, p0, image)
8: else if � is Exists or Forall then
9: �  object
10: pixels EnumeratePixelsInRegion(�)
11: if � is Exists then
12: return supp2pixels Score(�, p, image)
13: else if � is Forall then
14: return infp2pixels Score(�, p, image)
15: end if
16: else if � is StrongDistance or WeakDistance then
17: �  object
18: if � is StrongDistance then
19: regions AlignedRegions(� , �.direction, �:s)
20: else
21: regions AlignedRegionsWeak(� , �.direction, �:s)
22: end if
23: return supτ02regions Score(�, � 0, image)
24: else if � is Negation then
25: return �Score(:�, object, image)
26: else if � is And then
27: return min(Score(�1, object, image), Score(�2, object, image))
28: else if � is Or then
29: return max(Score(�1, object, image), Score(�2, object, image))
30: end if
31: end function

function returns the adjacent pixel of the current pixel in the direction specified
by B. The EnumeratePixelsInRegion function enumerates all pixels enclosed
within the queried region � . Finally, the AlignedRegions function returns all
region candidates that are spatially aligned with the queried region � in the
direction and at the distance specified by the operator and parameter s.

4.2 Complexity Analysis

The overall time complexity of the Isl monitoring algorithm depends on the
image size, the structure of the logic formula, and the number of segmented
regions. We define R = jRj as the total number of regions identified by the
segmentation algorithm, m as the maximum number of pixels in any region, s
as the maximum number of aligned regions reachable from a given region, and
S’ as the total number of nodes in the syntax tree of the monitored formula.

By the semantics definition, the time complexity for evaluating operators
� � d, :, ^, and _ is O(1), as they only require constant-time operations.
The pixel-level operator 
B also incurs constant time O(1), as it accesses a
neighboring pixel based on a fixed direction. For the quantifiers 9 and 8 , the
worst-case complexity is O(m). For spatial reachability operators Is, the worst-
case complexity is O(s). Therefore, for one Isl formula monitoring a single object
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in the image, the time complexity is bounded by O(S’�maxfm; sg). For an Isl
formula monitoring every region across the entire image, the overall worst-case
time complexity is O(R� S’ �maxfm; sg).

5 Case Studies

To evaluate the usefulness and efficiency of Isl and its monitoring algorithm,
we conduct two case studies using state-of-the-art medical image segmentation
datasets. The objectives of the case studies are twofold: (1) to demonstrate
whether monitoring image segmentation properties in multi-class segmentations
provides additional safety-relevant information beyond traditional metrics for
state-of-the-art segmentation models; (2) to investigate whether the properties
specified by Isl accurately capture the spatial requirements of the segmentation
mask, and whether the monitor can faithfully identify violations.

To assess the overhead of our monitoring approach, we conduct a runtime
evaluation of the Isl monitoring algorithm across a range of formula types. We
implemented both the quantitative and qualitative versions of Algorithm 1 for
use in our case studies. We tested the monitoring algorithm on a MacOS Sequoia
system equipped with an Apple M2 chip. All deep learning models for medical
image segmentation were trained and evaluated on a Linux PC running Ubuntu
18.04, equipped with an Intel Core i9-10850K CPU and an NVIDIA GeForce
RTX 3070 GPU. Results show that even the most complex multi-region quan-
titative specifications average under 280 milliseconds per image, while simpler
pixel-level formulas execute in under 10 microseconds.

5.1 Case 1: Single Class Segmentation Connectivity

In the first case study, we examine the OCTA-500 dataset [27] and evaluate the
connectivity of large retinal vessels, which is considered one of the most difficult
spatial requirements in medical image segmentation [6, 41]. We evaluate four
U-Net models. Two of them are trained using pixel-wise binary cross-entropy
loss, and the other two are trained with an additional Betti matching loss that
encourages topological consistency between predictions and ground truth.

To formalize vessel connectivity, we define an Isl specification that enforces
border contact for each predicted vessel region. Anatomically, large vessels enter
the retina through the image boundary. There should be no standalone vessel
segments entirely within the center of the image. We define the pixel-level for-
mula as ’r = (class = vessel) and the corresponding region-level formula as
�r = 8 ’r. The border contact requirement is expressed as �border

r = 9 (row =

0) _ 9 (col = 0) _ 9 (row = 303) _ 9 (col = 303). The complete specification
is written as �connect

r = �r ! �border
r , which ensures that any segmented vessel

region with high confidence must intersect the image border.
In Table 2, we present the results of evaluating the specification �connect

r

on the test set of 20 images from the OCTA dataset. Specifically, the violation
rate refers to the percentage of regions that violate the border connectivity
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Table 2: Performance comparison of segmentation models for OCTA-500.
Seg. Model Vio. Rate (%) Vio. Count Dice" mIoU"
U-Net-m1 33.71 238 0.92 0.85
U-Net-m2 30.63 208 0.92 0.85
U-Net-Betti-m1 24.34 148 0.91 0.84
U-Net-Betti-m2 32.23 223 0.92 0.85
Ground Truth 5.84 29 1.00 1.00

specification among all identified regions in the segmentation mask, while the
violation count is the total number of such violations across the entire test set.
The Dice score and mIoU represent the mean pixel-level performance metrics
computed over the test set. In addition, we assess the structural quality of the
provided ground truth annotations using the same connectivity specification.

While all U-Net variants achieve similar pixel-level performance in terms of
Dice and mIoU scores, their violation rates differ substantially. Notably, U-Net-
Betti-m1 achieves the lowest violation count (148), suggesting some benefit from
topological supervision through Betti matching loss. However, the inconsistency
across models indicates that Betti loss alone is insufficient to ensure structural
correctness. These results also highlight that structural validation metrics, such
as region-level violation rate, offer complementary insights beyond traditional
pixel-wise metrics. Despite consistently high Dice and mIoU scores, violation
counts vary by up to 90 regions across models, demonstrating that standard
metrics do not reliably enforce topological fidelity. Interestingly, the ground truth
exhibits a violation count of 29, highlighting that structural imperfections exist in
manual annotation errors. Overall, this case study indicates that the integration
of logic-based constraints using Isl provides more targeted and anatomically
meaningful supervision.

5.2 Case 2: Multi-Class Segmentation Spatial Alignment

In the second case study, we evaluate multi-class chest organ segmentation using
the CheXmask dataset [14], which provides pixel-level anatomical segmentation
masks for chest X-ray images. These masks were generated by the HybridGNet
model and refined using the Reverse Classification Accuracy (RCA) technique
for quality control [15]. This combination ensures consistent and high-quality
segmentations across multiple public datasets, including CheXpert [23]. In our
study, we used the CheXmask-provided segmentations as ground truth and
trained a U-Net model using a combination of Dice loss and cross-entropy loss.
Model performance was evaluated using the Dice Similarity Coefficient (DSC)
for both lung and heart structures. The test set contains 159 images in total.

We evaluate spatial logic specifications that capture left–right anatomical
relationships. We define an Isl specification that enforces the expected spatial
arrangement in which the right lung lies to the right of the left lung. More
specifically, if a region is classified as the right lung, there must exist another




